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INSUFFICIENCY OF THE BRAUER-MANIN OBSTRUCTION FOR 

ENRIQUES SURFACES 

FRANCESCA BALESTRIERI, JENNIFER BERG, MICHELLE MANES, JENNIFER PARK, 

AND BIANCA VIRAY 


Abstract. In [VAVII) . Varilly-Alvarado and the last author constructed an Enriques sur¬ 
face X over Q with an etale-Brauer obstruction to the Hasse principle and no algebraic 
Brauer-Manin obstruction. In this paper, we show that the nontrivial Brauer class of Aq 
does not descend to Q. Together with the results of [VAVll) . this proves that the Brauer- 
Manin obstruction is insufficient to explain all failures of the Hasse principle on Enriques 
surfaces. 

The methods of this paper build on the ideas in |CVIdallCVIdblUOOV] : we study geomet¬ 
rically unramified Brauer classes on X via pullback of ramified Brauer classes on a rational 
surface. Notably, we develop techniques which work over fields which are not necessarily 
separably closed, in particular, over number fields. 


1. Introduction 

Given a smooth, projective, geometrically integral variety X over a global field fc, one may 
ask whether X has a fc-rational point, that is, whether X{k) 7 ^ 0. Since k embeds into each 
of its completions, a necessary condition for X{k) ^ ^ is that X(Afc) 7 ^ 0. However, this 
condition is often not sufficient; varieties X with X(Afc) 7 ^ 0 and X{k) = 0 exist, and these 
are said to fail the Hasse principle. 

In 1970, Manin [Man71] significantly advanced the study of failures of the Hasse principle 
by use of the Brauer group and class field theory. More precisely, he defined a subset X 
of A(Afc), now known as the Brauer-Manin set, with the property that 

A(fc)cA(Afc)S'-cX(Afc). 

Thus, we may think of an empty Brauer-Manin set as an obstruction to the existence of 
rational points. At the time of its introduction, this Brauer-Manin obstruction explained all 
known failures of the Hasse principle. 

In 1999, Skorobogatov [Sko99j defined a refinement of the Brauer-Manin set, the etale- 
Brauer set which still contains X{k). He proved that this new obstruction can be 

stronger than the Brauer-Manin obstruction, by constructing a bielliptic surface Y/Q such 
that Y(Aq)"*’B'- = 0 and Y(Aq)^’' ^ 0 . 

Bielliptic surfaces have a number of geometric properties in common with Enriques sur¬ 
faces: both have Kodaira dimension 0 and nontrivial etale covers. This raises the natural 
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question of whether the etale-Brauer obstruction is stronger than the Brauer-Manin obstruc¬ 
tion for Enriques surfaces. Harari and Skorobogatov took up this question in 2005; they 
constructed an Enriques surface X/Q whose etale-Brauer set was strictly smaller than the 
Brauer-Manin set |HS05] . thereby showing that the Brauer-Manin obstruction is insufficient 
to explain all failures of weak approximatioi£| on Enriques surfaces. Their surface, however, 
had a Q-rational point, so it did not fail the Basse principle. 

The main result of this paper is the analogue of Harari and Skorobogatov’s result for the 
Basse principle. Precisely, we prove: 

Theorem 1.1. The Brauer-Manin obstruction is insufficient to explain all failures of the 
Basse principle on Enriques surfaces. 

This theorem builds on work of Varilly-Alvarado and the last author. To explain the 
connection, we must hrst provide more information about the Brauer group. For any variety 
X/k, we have the following hltration of the Brauer group: 

BroX := im(BrA: ^ BrX) C BriX := ker(BrX ^ BrXfc^ep) c BrX = H|(X,G^). 

Elements in Bro X are said to be constant, elements in Bri X are said to be algebraic, and the 
remaining elements are said to be transcendental. The Brauer-Manin set X(Afc)®’’ depends 
only on the quotient BrX/BroX (this follows from the fundamental exact sequence of class 
held theory, see |Sko011 §5.2] for more details). As transcendental Brauer elements have 
historically been difficult to study, one sometimes instead considers the (possibly larger) 
algebraic Brauer-Manin set X(Afc)®''b dehned in terms of the subquotient BriX/BroX. 

We now recall the main result of |VAV11] . 

Theorem f |VAVlll Thm. 1.1]). There exists an Enriques surface X/Q such that 

X(Aq)^*’®’'= 0 and X(Aq)^^i^ 0 . 

The proof of [VAVIH Thm. 1.1] is constructive. Precisely, for any a = (a, 6 , c) G with 
abc{5a -1-56-1- c)(20a -1-56-1- 2c) (4a^ -|- 6 ^)(c^ — 100a6)(c^ -|- 56c -|- lOac -|- 25a6) 7 ^ 0, (1.1) 

the authors consider Ya C P^, the smooth degree -8 K3 surface given by 

VqVi -f 5^2 = Wq, 

(no -b Vi){vo + 2vi) = Wq - 5wi, 
oUq -b bvl -b cvl = w^. 

The involution a: P^ —)■ P^, (uq : Vi : V 2 ■ Wq : Wi : W 2 ) e-)■ (—Uq : —Vi : —V 2 : Wq : Wi : W 2 ) has 
no hxed points on Ya so the quotient Xa := Ya/cr is an Enriques surface. 

Theorem f |VAVlll Theorem 1.2]). Let a = {a,b,c) G satisfy the following conditions: 

(1) for all prime numbers p \ (5a -b 56 -b c), 5 is not a square modulo p, 

(2) for all prime numbers p \ (20a -b 56 -b 2c), 10 is not a square modulo p, 

(3) the quadratic form oVq -b bvf -b cn| -b is anisotropic over Q 3 , 

(4) the integer —be is not a square modulo 5, 

(5) the triplet (a, 6 , c) is congruent to (5, 6 , 6 ) modulo 7, 

smooth projective variety X satisfies weak approximation if X{k) is dense in X{Ak) in the adelic 
topology. 
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(6) the triplet {a,b,c) is congruent to (1,1,2) modulo 11, 

(7) Fa(AQ) # 0, 

( 8 ) the triplet {a,b,c) is Galois general (meaning that a certain number field defined in 
terms of a, b, c is as large as possible). 


Then 


= 0 and Xa(AQ)^''i ^ 0. 


Varilly-Alvarado and the last author deduce |VAV111 Thm. 1.1] from |VAV111 Thm. 1.2] 
by showing that the triplet a = (12, 111, 13) satisfies conditions (l)-( 8 ). Henceforth, when 
we refer to “conditions” by number, we mean the conditions given in the theorem above. 

In |VAV1 1] ■ the authors have left open the question of a transcendental obstruction to 
the Hasse principle for the surfaces X^, due to the “difficulty [... ] in finding an explicit 
representative for [the nontrivial] Brauer class of [Xa].” Recent work of Creutz and the last 
author [CVIdalfCV 14b] . and Ingalls, Obus, Ozman, and the last author [lOOVj makes this 
problem more tractable. Building on techniques from |CV 14a([CV 14b([IOOVj . we prove: 


Theorem 1.2. //a = (a, 6, c) G satisfies conditions (5), (6), and (8) then BrXa = 
BriXa- In particular, if a satisfies conditions (l)-( 8 ), then 

Xa(AQ)^*’B'-= 0 and Xa(AQ)^'^ ^ 0 . 


Strategy and outline. Theorem 11.11 and the second statement of Theorem 11.21 both follow 
immediately from the first statement of Theorem 11.21 and [VAVllj . since the triplet a = 
(12,111,13) satisfies conditions (l)-( 8 ) |VAV1H Lemma 6.1 and Proof of Theorem 1.1]. 
Thus, we reduce to proving the first statement of Theorem 11.21 

For any variety X over a field k, the quotient Br X/ Bri X injects into (Br 
In Skorobogatov’s pioneering paper, his construction X/Q had the additional property that 
(Br = 0, so BrX = Bri X. Unfortunately, this strategy cannot be applied to an 

Enriques surface X, as BrX^sep = Z/2Z |HS05( p. 3223] and hence the unique nontrivial 
element is always fixed by the Galois action. 

Instead, we will find a Galois extension Ki/Q and an open set U' C X^ such that 

(1) the geometrically unramified subgroup Br® ““' C BrUj^^ (i.e., the subgroup of 
elements in Br U'j^^ which are contained in Br Xa C Br U' upon base change to Q) 
surjects onto BrXa, and 

(2) (Br®'“”'Br jg contained in Bri Br Xi. 

The key step is proving (2) without necessarily having central simple k(f/)^J-algebra repre¬ 
sentatives for all of the elements of Br® “”' Br Xi. Our approach follows the philosophy 
laid out in |GVIdallCVIdblUOOV] : we study geometrically unramified Brauer classes on 
via pullback of ramified Brauer classes on simpler surface S' , of which U' is a double cover. 
However, in contrast to the work of |GV14al[GV14biriOOV] . we carry this out over a field 
that is not necessarily separably closed. In particular, our methods can be carried out over 
a number field. As we expect this approach to be of independent interest, we build up some 
general results in [| 2 ] which can be applied to a double cover of a rational ruled surface, 
assuming mild conditions on the branch locus. 


Remark 1.3. For convenience, we carry out the above strategy on the K3 surface Fa instead 
of on the Enriques surface Xa. We then descend the results to Xa. 
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Starting in ^ we restrict our attention to the specific varieties Xa and Y^. After recalling 
relevant results from |VAV11] . we construct double cover maps vr: ^ S and tt: — )■ S, 

where S and S are ruled surfaces, and we study the geometry of these morphisms. These 
maps allow us to apply the results of |C V 14a] to construct, in §11 an explicit central simple 
k(Xa)-algebra representative A of the nontrivial Brauer class of Xa- This representative A 
will necessarily be defined over a number field Ki, be unramified over an open set and 
be geometrically unramified. Furthermore, the number field Ki and the open set U' can be 
explicitly computed from the representative A. 

Section [5] uses the results from §2] to study the action of Gal(Q/Xi) on Br®''^“' Br Xi 
and hence prove Theorem 11.21 Namely, by repeated application of the commutative diagram 
in Theorem 12.21 we demonstrate that no cx-invariant transcendental Brauer class can exist 
for Ya. Indeed, if such a class existed, the explicit central simple algebra from §1] would 
relate it to a function ^ fixed by the Galois action. However, direct computation (given in 
the appendix) shows that t must be moved by some Galois action, providing the required 
contradiction. 

General notation. Throughout, k will be a field with characteristic not equal to 2, with 
fixed separable closure k. For any /c-scheme X and field extension k'/k, we write X^/ for the 
base change X Xspecfe Specfc' and X for the base change X Xspecfc Specfc. If X is integral, 
we write k(X) for the function field of X. We also denote the absolute Galois group by 
Gk = Galik/k). For any fc-variety IF, we use the term splitting field (of W) to mean the 
smallest Galois extension over which every geometrically irreducible component of W is 
defined. 

The Picard group of X is PicX := DivX/PrincX, where DivX is the group of Weil 
divisors on X and Princ X is the group of principal divisors on X. Let Pic° X denote 
the connected component of the identity in PicX; then the Neron-Severi group of X is 
NSX := PicX/Pic°X. For a divisor D G DivX, we write [D] for its equivalence class in 
PicX. When X is a curve, the Jacobian of X satisfies JacX = Pic'^X. 

For a fc-scheme Y, we write Br Y for the etale cohomology group Br Y := H?^(y, Gm)- The 
geometrically unramified subgroup Br®'™'k(X) C Brk(y) consists of those Brauer classes 
which are contained in BrF upon base change to k. For an open subscheme U <Z Y, we 
have Br®'™'’'f/ := Brf/ fl Br®'™ k(F). If A is an etale fc-algebra, then we write BrA for 
Br(Spec A). Given invertible elements a and b in such an A, we define the quaternion algebra 
(a, 6) := A[i,j]/(F = a,j^ = b.ij = —ji)- We will identify the algebra (a,6) with its class in 
Br A. 

Now assume that Y is smooth and quasi-projective. Then the following sequence is exact: 

0 ^ BrX[2] ^ Brk(y)[2] 0H^(k( 2 /),Z/2Z), (1.2) 

y 

where the sum is taken over the set of all codimension-1 points y on Y |Gro68( Thm. 6.1]. 
As Brk(y)[2] is generated by quaternion algebras, we will only describe the residue map dy 
on quaternion algebras: for any a, 6 G k(y)^, we have 

dy{{aA)) = (-l)’'A'^KWa%F)5-^AD ^ k(|/) Vk(?/)^2 = (k(?/), Z/2Z), 

where Vy denotes the valuation corresponding to y. 
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2. Brauer classes on double covers arising via pullback 

Let 7r°: —>■ be a donble cover of a smooth rational geometrically ruled surface 

w: S'° —)■ Pj dehned over k and let C S'° denote the branch locus of 7r°. We assume that 
is reduced, geometrically irreducible, and has at worst ADE singularities. The canonical 
resolution |BHPVdV841 Thm. 7.2] u: Y —)■ K° of 7r°: K° —)■ S'° has a 2-to-l fc-morphism 
71: Y —)■ S' to a smooth rational generically ruled surface S'; the branch curve R C S' of vr is 
a smooth proper model of B^. In summary, we have the following diagram: 



> B° 


Since R° is geometrically irreducible, Pic°K is trivial by [CV14at Cor. 6.3] and so we may 
conflate PicK and NSK. 

The generic hber of rv o 7 r° is a double cover C —)■ —)■ Spec k{t). Since k{t) is inhnite, 

by changing coordinates if necessary, we may assume that the double cover is unramihed 
above oo G Then C has a model 

= c'h{x), 

for some d G k{t) and h G k{t)[x\ square-free, monic, and with deg(h) = 2g{C) -|- 2, where 
g{C) denotes the genus of C. Note that k(R) = k(R°) = k{t)[6]/{h{6))] we write a for the 
image of 6 in k(R). 

As S'® is rational and geometrically ruled. Pic S'® = and is generated by a fibre S'^, and 
a section ©, which we may take to be the closure of x = oo. Since u: S' —?• S'® is a birational 
map. Pics' is generated by the strict transforms of 6 and S'^ and the curves Ri,... 
which are contracted by the map S' —)■ S'®. We will often abuse notation and conflate © and 
S'^ with their strict transforms. Let 

S={6,^^,Ri,...,R4 

denote the aforementioned set of n -|- 2 generators and define 

V := S\{SUB) C S. 

Possibly after replacing k with a hnite extension, we may assume that all elements of £ 
are dehned over k and, in particular, that Pic S = Pic S'. Since u is dehned over k, we 
additionally have BrS = BrS'® = Brfc. 

For any i G k(R)^, we dehne 

Ai := Cork(B)(x)/fc(M) - a)) G Brk(S). 
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We will be particularly concerned with Ai when ^ is contained in the subgroup 

k(S)^ := e k(5)^ : div(£) G Div(^) ^ Div(5) 0 Z/2Z)} 

= {£ e k(5)^ : z/* div(£) G (6, 5^) C Div(5°) 0 Z/2Z} . 

By |CV14al Proof of Thm. 5.2], this subgroup is exactly the set of functions I such that 
'K*Ae, is geometrically unramified. Note that k(i?)^ contains . 

Let 

f/;=r \(7r-i(^)) cF. 

The goal of this section is to prove the following two theorems. 

Theorem 2.1. Let k' he any Galois extension of k. Then we have the following exact 
sequence of GA{k'/k)-modules: 

PicW. , k(i?, 0 g « / Br^- 

7r*Pic^ + 2PicW' k'>^k{Bk>)^'^ V Brfc' J ^ 

where j is as in 1 1^.31 and (3 is as in H2.S[ Furthermore, if k' is separably closed, then the last 
map surjects onto Bry[2]. 

Theorem 2.2. We retain the notation from Theorem \2.1[ IfBik' —)■ Brk(S'fc/) is injective 
and Pic 17 is torsion free, then there is a commutative diagram of Gal{k'/k)-modules with 
exact rows and columns: 


0 


0 


Picy,, 


TT* Pic S+2 Pic Yf .1 


■j(PicW 0 


PicF i HBWe h Brg""" Uy 

■K*PicS+2PicY J BnUy 


h°j 


Bn 
Br k' 




Brg.unr. jj 

Br k> 


BrS-unr. JJ 

Bn Uy 


0 . 


The structure of the section is as follows. In ^2.11 we prove some preliminary results about 
the residues of Ap, these are used in section 1 12.21 to dehne the map /3. Next, in 1 12.31 we 
dehne j and prove that it is injective. In 1 12.41 we characterize the elements of Br V that pull 
back to constant algebras under tt*. In 1 12.51 we combine the results from the earlier sections 
to prove Theorem 12.11 and, finally, in 1 12.61 we prove Theorem 12.21 


2.1. Residues of A^. In order to dehne the homomorphism jd, we will need to know the 
certain properties about the residues of A^ at various divisors of 5°. We hrst compute 
residues associated to horizontal divisors. 

Lemma 2.3. Let ^ G k{B)^, and let F be an irreducible horizontal curve in S^, i.e., a curve 
that maps dominantly onto Pj. 

(1) IfF^B,G, thendpiAe) = 1 ek{Fy/k{Fy^. 

( 2 ) dB{Ae) = [i]ek{Br/k{BrF 
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Proof. The arguments in this proof follow those in |CV14bl Proofs of Thm. 1.1 and Prop. 
2.3]; as the situation is not identical, we restate the arguments here for the reader’s conve¬ 
nience. 

Let V be the valuation on k(S'°) associated to F. By |CV14bl Lemma 2.1], we have 

M^i) = nNormk(^)/k(.) ^ (2.2) 

w\v 

where w runs over all valuations on k{B Xpi S^) extending v. As F is a horizontal di¬ 
visor, v\k(t) is trivial and hence tc|k(B) is trivial for all w\v. Therefore, fl 2 . 2 p simplihes to 
n^l^Normk(^)/kH(^“'^*"“^). 

By dehnition of a, Normk(B)(a;)/fc(p(a;) — a) = h{x). Thus, w{x — a) = 0 for all w\v if 
v{h{x)) = 0, or equivalently, if F ^ B, ©. This completes the proof of (1). 

Now assume that F = B. We know that h{x) factors as {x — a)hi{x) over k(F)(a;), where 
hi G k{t)[x] is possibly reducible. Hence, x — a determines a valuation on k(i?)(x) 

lying over u; similarly, the other irreducible factors of hi also determine valuations lying over 
V. Notice that since h{x) is separable (as B is reduced), we have that hi (a) 7 ^ 0, and hence 
that w{x — a) = 0 for any valuation w over v corresponding to the irreducible factors of 
hi{x). Thus, fl2.2p simplifies to 

JjNormk(^)/k(,;)(^"'^"'""^) = Normk(^„,_,)/k(^,)(^) = i, 

w\v 

as required. □ 


Now we compute the residues associated to vertical divisors. 


Lemma 2.4. Let i G k(H)^, to ^ Aj C and F = S')],. Then, 


dpiAe) G im 


( k(t„r . k(F)M 
k(F)>‘d' 


Remark 2.5. If k is separably closed, then k(to)^^ = k(to)^ and the result follows from [CV14b 
Prop. 3.1]. 


Proof. It suffices to show that dpiAi) G k(F)’^^k(to)^ • We repeat |CV14al Proof of Prop. 
3.1] while keeping track of scalars to accommodate the fact that k is not necessarily separably 
closed. 

By |CV14bl Lemma 2.1], we have 


MAi) = n Normk(i.o/k(F)((-l)“’'("-“^“''(')r'("-“)(a^-«)""''^'^ (2-3) 

F'eSOxpiS 
F'l-^F dominantly 

where F' is an irreducible curve and w' denotes the valuation associated to F'. The surface 
S° XpiR is a geometrically ruled surface over B, so the irreducible curves F' are in one-to-one 
correspondence with points b' ^ B mapping to to- Furthermore, k(F') = k(6')(a;) and k(F) = 
k(to)(a^), so Normk(F')/k(F) is induced from Normk(6')/k(to) • Thus, we may rewrite fl2.3p as 

MAe) = n Normk( 60 /k(to)((-l)’"'^""“^"''^'^r'("-“)(a:-a)-“’'W). (2.4) 

b'GB,b'i-^to 
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By [CV14a[ Lemma 3.3], there exists an open set hh C containing to and constants 
d G k(t)^, e G k(t) snch that 

S'^ —)■ X PL, s H-)■ {dx{s) + e, xu{s)) 

is an isomorphism. In particnlar, dx + e is a horizontal fnnction on S'|y. Consider the 
following eqnality: 

CoT^B){x)/k{so) {{dx + e - {da + e),i)) = A£ + CoT]^(^B)ix)/-kiso){{d, i)) = A£ + (d,Norm(£)). 
Since (d, Norm(t')) G zu*BTk{t), we have 

dpiAe) G dp (Cork(B)(x)/k(so) {{dx + e - {da + e),i))) k(to)''. 

Thns, we may assnme that a: is a horizontal fnnction, in particnlar, that x has no zeros or 
poles along F, and that it restricts to a non-constant fnnction along F. It is then immediate 
that the fnnction w'{x — a) < 0 , and that the ineqnality is strict if and only if w'{a) < 0 , 
which in tnrn happens if and only if b' lies over n ©. 

We hrst consider the factor of 02.41) that corresponds to points that do not he over 
If b' does not lie over B^^ n ©, then (as stated above) w'{x — a) = 0, where w' denotes the 
valnation associated to b'. Therefore, the corresponding factor of 02 .4p simplihes to 

Yl Normk(bq/kqo) ((a^ - a(6'))""''^^^) • 

By dehnition, i G k(i?)^ implies that for all b" G 5° \ (5° fl©), J^b'eB b'^b" = 0 2. 

Since a{b') depends only on the image of b' in B^, this shows that the above factor is contained 
in k(F)^T 

Now consider the case that b' lies over B^^ fl ©. We claim that, since w'{x) = 0, 

Normk(F')/k(F) ( 3 . _ j ( 2 . 5 ) 

reduces to a constant in k(F). Indeed, if w'{i) = 0, then we obtain which rednces 

(after taking Normk(_F')/k(F)) to an element of k(to)^- If w'{£) 7 ^ 0 , let TTpi be a nniformizer 
for F'. Since w'{x) = 0 > w'{a), we have 


w'{x—a) 


—w(£) 


w'{x—a) 


—w(£) 


X — a 


—a 


w'[£) 


TT 


F' 


TT 


w'(x—a) 


w'{£) 


F' 


TT 


w'{x—a) 


mod Fpi 


F' 


TT 


F' 


and so 02.51) rednces to (again, after taking Normk(i?')/k(F)) an element in k(to)^- Thns, every 
factor of 02.41) corresponding to points b' lying over B^^ n © is contained in k(to)^, and every 
other factor is an element of k(F)^^. This completes the proof. □ 


2.2. The morphism /3. 


Proposition 2.6. Let i G k(i?)^. There exists an element A! = A!{£) G Bik{t), unique 
modulo Br k, such that 

Ai + w*A! G Br V. 

This induces a well-defined homomorphism 




KB) 




Br®-““- U 

—)■ ———-— [2], £ I—>■ TT* {Ai -l- w*A !), 

Br k 














which is surjective if k is separably closed. 


Proof. As a subgroup of Brk(S') = Brk(S'°), BiV is equal to BrS'° \ (© U U B), since 
the Brauer group of a surface is unchanged under removal of a codimension 2 closed sub¬ 
scheme |Gro68[ Thm. 6.1]. Thus, to prove the hrst statement, it suffices to show that there 
exists an element A! G Bi k(t), unique up to constant algebras, such that dp^Ai) = dF{zu*A') 
for all irreducible curves F C S'° with F &, S^, B. 

If F is any horizontal curve, i.e., F maps dominantly to P^, then dp{w*A!) = 1 for all 
A! G Bt k{t). If we further assume that F &, B, then Lemma [2.31 gives dp{A£) = 1. Thus, 
for all A G Br k{t), we have dp{Ai) = dp{w*A) for all horizontal curves F ^ B. 

Now we turn our attention to the vertical curves. Recall Faddeev’s exact sequence |GS061 
Cor. 6.4.6]: 

O^Bik^ Brkit) ^ 0 Hi(Gk(io),Q/Z) B\Gk,Q/Z) ^ 0. (2.6) 

to&l 


Since the residue held at to = oo is equal to k, this sequence implies that for any element 
{rtf)) G ©f(,gAik(to)^/k(to)^^, there exists a Brauer class in A G Brfc(t), unique modulo 
elements of Brfc, such that dtf){A) = rt^. By Lemma [2^ for all ^ A, we have dp{Ai,) G 
im (k(to)^/k(to)^^ k(F)^/k(F)^^), where F = 5'°^. Hence, there exists a G Br/c(t), 

unique modulo Br fc, such that dp{w*A) = dp{Af) for all F ^ &,B, S^, as desired. 

It remains to prove the second statement. The hrst statement immediately implies the 
existence of a well-dehned homomorphism 


k(B)>'2 Brfc ‘ ^ 


£ I—)■ TT* {A^ + W*A) . 


In order to complete the proof, we must prove that 

(1) TT* {Ad + w*A) G Br /c if d G , 

(2) the image lands in Br®'““' U/Bik, and 

(3) the image is equal to BrF[2] if k is separably closed. 

We begin with ([1]). Let d E k^. Then 


Ad = Cork(B)(x)/fcp,a;)(d,x-a) = (d, Normk(B)(x)/fcq,a:)(a:-a)) = (d, h(a;)) = (d, c'/i(a;))-F(d, c'). 


Since generates k(y°)/k(S'‘^), div(c'/i(a;)) = B + 2Z for some divisor Z on S^. 

Thus, {d,c'h{x)) is unramihed away from B] in particular, {d,Ph{x)) G BrR. Since A is 
the unique element in Br k{t)/ Bik such that Ad -|- .4,' G Br V, then A = (d, d) -|- B for some 
B EBik. Hence, 


TT* {Ad + w*A) = TT* ((d, dh{x)) + (d, d) -|- (d, d) -|- tt*w*B) = Tr*{d, dh{x)) -f n*vj*B. 

Furthermore, since dh{x) is a square in k(y°), then vr* {Ad + 'OJ*A) = tt*vj*B G Brfc, as 
desired. 

Now we turn to ([2|) and ([3]). Since B is the branch locus of vr and vr is 2-to-l, any 2-torsion 
Brauer class in im (vr*: Brk(S') —)■ Brk(y)) is unramihed at 7r“^(R)red- Thus, the image 
is contained in BiU/Bik. To prove that it is contained in Br®'™'^'t/, we must show that 
TT* {Ai -|- w*A)-j^ is contained in Br Y. By Tsen’s theorem, vr* {At Y w*A)-j^ = {t:*Aii)^. This 
element is contained in BrH by |CV14al Thm. I], which yields (|2]). In fact, |GV14al Thm. 
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I] shows that Bry[2] is generated by n*Ai where i runs over the elements in k(i?^)£, which 
proves ([3]) . □ 

2.3. The morphism j. In this section, we define the map j and prove that it is injective. 
The map j will be induced by the following homomorphism: 

/: Div(y \ 7 r-^(S)) ^ 

D H-)■ ^\B 

where £ G k(S')^ is such that div(f') = — miEi — ■ ■ ■ — mnEn — d& — eS^. 

Lemma 2.7. The homomorphism j' induces a well-defined injective homomorphism 

PicF ^ k{B)^ 

^ ■ TT* Pic^ + 2PicF ^ A:xk(5)x2' 

Proof. For any divisor D G DivT \ 7r~^{B), the projection formula |Liu021 p.399] yields 

27r^{D n 7r“^(i?)red) = TrfiD fl 27r“^(i?)red) = vr*(T) n vr*(i?)) = (tt^D) fl B. 

Thus, for any divisor D G Div T \ 7 r“^(i?), we have that [D fl 7r“^(i?)i.ed] ^ ( imPic 9 - 4 Pic b ) P]- 
By the same argument as in proof of [IOOV| Lemma 4.8], this induces a well-defined injective 
homomorphism 


PicF 


TT* Pic S 2 Pic Y 


-)■ 


Pic B 


imPic S —Pic 5 


[2], [D]^[Dn7r-\Bfi,A]. (2.7) 


One can also check that there is a well-defined injective homomorphism 


(^im 

that sends a divisor D which represents a class in ( imPirg-fpicB ) P] ^ function i such that 
div(£) = 2D + g ncC nB. Since j is the composition of fl2.7l) and fl2.8p . this completes 

the proof that j is well-defined and injective. □ 


Pic B 


■.S ^ PicB 


[ 2 ]^ 


k{B) 


fcxk(5) 


x2 


( 2 . 8 ) 


2.4. Brauer classes on V that become constant under vr*. 


Proposition 2.8. If A E BrV is such that ti*A G Br/c C Brk(yfc), then there exists a 
divisor D G Divl^ such that j{[D])\B = Ob^A) in k{B)^/k^k{B)^^. 

Proof. Recall that k(y).) = k{Sk){\/dh{x)). Thus, if 7t*A G Br/c, then 

A={c'h{x),G) + B (2.9) 

for some G G k(S'fc)^ and some G Br/c. Since B is the branch locus of tt, VB{c'h{x)) must 
be odd. Therefore, without loss of generality, we may assume that B is not contained in the 
support of G; write 

div(G) = '^UiGi + d{&) + e{S^) + miEi H-h mnE^, 

i 

where Gi are /c-irreducible curves of S distinct from ©, S'^, and Ei,..., En. 

Now we consider the residue of A at Cj. By fl2.9p . the residue of A at Gi is [c'h{x)] G 
k(C'i)^/k(Cj)^^. On the other hand, .4, G Br R, so the residue is trivial at O',. Together, these 
statements imply that 7 r“^(Oi) consists of 2 irreducible components O' and O". As this is 
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true for all C*, we have that div(G) = + rn{&) + mo{S^) + rriiEi + ■ —h rrinEn, 

and so = G\b modulo . Since the residue of ^ at i? is equal to G\b, this 

completes the proof. □ 

2.5. Proof of Theorem 12.11 We note that much of this proof is very similar to proofs 
in [lOQVl Lemmas 4.4 and 4.8]. 

We will first prove the sequence is exact, and then show that the maps are compatible 
with the Galois action. Since all assumed properties of k are preserved under held exten¬ 
sion, we may, for the moment, assume that k = k'. Then Lemma 12.71 yields an injective 
homomorphism 

PicW' HBk'Ys 

TT* Pic ^ + 2 Pic Tfc/ ^ A:'xk( 5 fc/)^ 2 ’ 
and Proposition 12.61 yields a homomorphism 

Wk(B^ ( BAT j 

which is surjective if k' is separably closed. We now show that im(j) = ker(/d). 

Let £ G k(i?fc')^ be such that /5(£) G Br/c'. Recall that {3 factors through BrR by the map 

£ I —}• A := “T w*^ I —y 7r*A, 

'-V-' 

SBrV 

where A! G Br k'{t) is as in Proposition l2.61 By assumption, tt*A G Br k, thus, by Proposition 
12.81 there is some D G DivYj, such that j{[D])\B = ObIA) = dB{Ae)dB{'(^*A') mod k^. 
However, dB{^*A') = 1 since R is a horizontal divisor, and dB{Ae) = [d] by Lemma 1^751 
Hence, I G im(j), and so im(j) D ker(/5). 

For the opposite inclusion, it suffices to prove that /9(j([R])) G Br fc' for any prime divisor 
D G Div(yfc/ \ 7 r“^(R)). Let ^ recall that i is the restriction to R of a function 

£s G k(S'fc') such that div(£ 5 ) = 7r*R — miRi — • • • — rUnEn — d& — eS^. As above, let 
A := Ai + w*A!. We claim that 

A={dh{x)As) + B G Brk(^fcO = Brk(A°) 

for some B G Brfc'. Since c'h{x) G k(W/)^^, this equality implies that vr*(A,) = 71*3 G 
Brfc'. To prove the claim, we will compare residues of A and {dh{x),£s) on Repeated 
application of Faddeev’s exact sequence |GS061 Gor. 6.4.6] shows that Br A^, is trivial; in 
particular, the Brauer group of \ (5^ U 6), which is isomorphic to A^, consists only of 
constant algebras. Hence, if A — {c'h{x),£s) is unramihed everywhere on S'° \ (© U S^), 
then it must be constant. By Lemma [2.3f 2) and the assumption that A G BrR, it suffices 
to show that dB{{c'h{x),£s)) = [£] and that {c'h{x),£s) is unramihed along all other curves 
irreducible curves contained in V. 

Let R be a prime divisor of different from S^, ©, and R. Since R is the branch locus 
of TT, we may assume that vji{c'h{x)) = 0. Hence, dji{{c'h{x), £s)) = {c'h{x)y^ds)_ Now, we 
know that 

divs{£s) = t^*D - miEi -rn„R„ - d& - eS^. 

Thus, if R 7 ^ 7r(R) then vb{£s) = 0 and hence dR{{c'h{x), £s)) is trivial. It remains to 
consider the case R = vr(R). Note that 7r*(R) is equal to vr(R) if vr maps D isomorphically 
to its image, and is equal to 27r(R) otherwise. In the latter case, we must have that iD){£s) 
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is even, meaning that 97 r(_D)((c'h(a:),£ 5 )) is trivial (np to sqnares). On the other hand, if 
7i^{D) = 71 {D), then c'h{x) must be a square in k( 7 r(Zi))), and hence 5,r(D)((c'h(a;),£ 5 )) is 
again trivial (up to squares). 

Finally, dB{{c'h{x), is)) = [^s\b] = [i]. Indeed, since we know that 

div(£5) = 7t^,D — rriiEi — ■ ■ ■ — — d& — eS^ 

for some D G Div(y \ 77~^{B)), we see that B is not in the support of div(f' 5 ). Hence 
VB^is) = 0. Moreover, since VB{c'h[x)) is odd, the usual residue formula allows us to deduce 
that dB{{dh{x), is)) = [i] modulo squares. Hence, A = {(ih{x),is) + ^ and the sequence is 
exact, as desired. 

Now we consider the Galois action. That j respects the Galois action is clear from the 
definition. To see that /? is a homomorphism of Galois modules, we note that every geomet¬ 
rically irreducible curve outside of V is irreducible over k. Thus, the residue maps dp for F 
outside of V are defined over /c, which shows that /3 is a homomorphism of Galois modules. 
This completes the proof. □ 


2.6. Proof of Theorem 12.21 Applying Theorem 12.11 to k and taking the subgroups of 
Galois invariant elements gives an exact sequence 


PicF 


TT* Pic S' -|- 2 Pic Y 


fk{B)s\''^' %, 


: 


\k{B) 


x2 


(BrF)^fc'. 


( 2 . 10 ) 


Recall that jj factors through k(S')/k(S')^^, so the middle term may be replaced with 
{k(B)s/HW^f"' G im(k(S)/k(S)^2)G„_ 

To determine (k(S)/k(S')^^)‘^''', we consider the exact sequence 


0 


k 


k(S)> 


k(s)Vfc 


0 . 


After taking the cohomological long exact sequence, applying Hilbert’s Theorem 90, and 
applying the assumption that Brk' —?■ Brk(S'fc/) is injective, we obtain 

H° (Gk'MS)''/k''^ = k(^fcOV^'^ and H^ k(A) Vfc'') = 0. 

Then the cohomological long exact sequence associated to 

0 —G k(:s)7^ ^ k(S)^/k'' k(S)^/k(S)^^ 0 

yields (k(S')’^/k(S')’^^)^''' = k(S'fc/)/(fc'^k(Sfc/)^^). Thus, we may replace fl2.10p with 


0 


Pic Y 


TT* Pic S' -|- 2 PicH 


G 


y 


7 k k{Bki)s % 

k'^yBk')^"^ 


(BrH) 
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Note that /9fc|k{Sj,,)£ factors through Br®'““' Uki/Bik'. Hence, we obtain the following com¬ 
mutative diagram: 


0 


0 


Pic Vfc, 


TT* Pic S-l -2 Pic Yy 


PicY 

TT* PicS+ 2 PicY J 


■j(PicnO 


HBy)s 

fc'Xk(Bj^,)x2 


BrS' 


■Uy 


Bn Uy 


P°3 

'' 

Bn Uy 
Br k' 


P 

Brg.unr. jj 

Brfc' 


Brg-unr. JJ 

Bn Uy 


0 . 


It remains to prove that the rows and columns are exact and that the leftmost bottom vertical 
arrow is surjective. The exactness of the middle row follows from the above discussion and 
the exactness of the bottom row follows from the dehnitions. The middle column is exact 
by Theorem 12.11 Theorem 12.11 and Proposition 12.81 together imply that the leftmost row is 
exact. 

Consider the map induced by /3 o j 

(PicF/(7r*Pic5 + 2PicF))^''' ^ ^ BriHfc/ 

Pic Fc//(7r* Pic ^ + 2 Pic F/) Bik' ’ 

we would like to show that it is surjective. Note that Pic U = Pic Y/tt* Pic S and Pic Uy = 
PicPics'. Furthermore, since Picf/ is torsion free, the Hochschild-Serre spectral se¬ 
quence together with the cohomological long exact sequence associated to the multiplication 
by 2 map yields the isomorphism 

(Pic U/2 Pic U) _ Br 1 Uy 
(PicF)^fc'/(2PicF)^fc' “ Bit 

Since all groups in question are hnite, a cardinality argument completes the proof of surjec¬ 
tivity, and hence the proof of the theorem. □ 


3. Geometry oe and F 

3.1. Review of [VAVlll §4]. The K3 surface F is dehned as the base locus of a net of 
quadrics. As explained in |Bea96( Example IX.4.5] and |VAV1H §4.1], each isolated singular 
point in the degeneracy locus of the net gives rise to two genus 1 hbrations on Yg,. As the 
degeneracy locus of the net has 14 singular points, we obtain 28 classes of curves in Pic F, 
which we denote Fi,Gi,..., Fu, Gn] for all i, j we have the relation Fi + Gi = Fj + Gj. 

Nine of these singular points dehne hbrations which descend to Xg. On X^, these hbra¬ 
tions have exactly two nonreduced hbers. For a hxed point P, in the degeneracy locus, we 
let Gj, Gj, Pi, and Dj denote the reduced subschemes of the nonreduced hbers of the corre¬ 
sponding hbrations. After possibly relabeling, we may assume that we have the following 
relations in PicXa: 

G,+A = C, + Dj, 2(Gi-Gi) = 2 (A-A) = 0, fG, = FA = F, FA = FA = A. 
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Defining equations for curves representing each of these classes is given in Table IA.4I The 
intersection numbers of these curves are as follows: 

= Gj = 0, Fi-G, = 4, Fi ■ Gj = F, • F^ = G, • G,- = 2 for all i ^ j, 

Gf = Df = 0, Gi-Di = 2, Gi ■ Dj = Gi ■ Gj = Di-Dj = l for all i j. 

Proposition 3.1 ( |VAVllt Cor 4.3]). Let a G satisfy conditions (5), ( 6 ), and ( 8 ). Then 
Pic Fa — and is generated by Gi, Fi,..., F 14 and 

Zi := - (Fi + F2 + F3 + Fio + F12), Z2 := - (Fi + Gi + F4 + F5 + Fg + Fio + Fn) , 

Z3 ■= 2 (-^1 + F4 + F7 + Fi 3 + F14), Z4 := - (Fi + Gi + F7 + Fg + Fg + Fii + F12) . 

As in [VAVll] . we let K/Q denote the splitting held of the curves Fi,Gi. We will be 
concerned with two particular subhelds Fg C Fi C F; we give generators for these helds in 
Appendix [5] and describe their dehning properties in § §3.2113731 

3.2. Double cover morphisms. In order to apply the results of l|2l we must realize Fa as 
a double cover of a ra tional ruled surface. We will be able to do so over the Galois extension 
Fo ■= Q(*, \/ 2 , \/5, -n /—2 + 2 \/ 2 ); throughout this section, we work over Fg. 

Consider the morphism 

0: Fa ^ := X F], 

which sends a point [ug : vi : V 2 ■ Wq ■ Wi : 1 ^ 2 ] to 

^ tcg - y/bwi : Vq + 2vi , 

For any P G Fa, we have 0(cr(F)) = [—1](0(F)), where [—1] denotes the automorphism of 
5'° that sends {x,t) to (—x, —t). Thus, we have an induced morphism 

4>-. X, ^ (s“) /l-i], 

obtained by quotienting Fa by a and 5° by [— 1 ]. 

The morphism 0 factors through a double cover morphism 7i: —)■ S, where S := 

Ya/{w 2 e-)■ —W 2 ). The quotient S' is a smooth del Pezzo surface of degree 4 given by 

{ngxi + 5v^ -wl = vl + SvoVi + 2vf - + bwf = O} C 

Using fl3.ip . one can check that 0 induces a birational map z/ 5 : S —)■ S° which contracts 
four (—l)-curves; we denote these curves by Fi, F 2 , F 3 , and F 4 . (Dehning equations for the 
curves are given in Table lAT^ i 

The preimages of the Fj under tt are irreducible (—2)-curves in Fa. Thus, we may also 
factor 0 by hrst blowing-down these four (— 2 )-curves to obtain a (singular) surface YJ’ and 
then quotienting by an involution to obtain a double cover morphism. Hence, we have the 
following commutative diagram. 


Fa^^S 



-2 -1 2 V 2 W 0 - Vo + V2vi + \/5(l - \/2)v2 


(3.1) 


14 























where the vertical maps are birational and the horizontal maps are 2-to-l. Note that over 
k = these varieties and morphisms satisfy all assnmptions from ^ In particnlar, all 
morphisms are dehned over Kq and Pic Skq = Pic S. 

Since a indnces an involntion on ^ S, and which is compatible with the morphisms, 
the above commntative diagram descends to the following commntative diagram involving 
the Enriqnes snrface: 



3.3. Branch loci of the double covers. Let B, B^, B, B^ denote the branch loci of vr, 7 r°, tt 
and 7 r° respectively. 

Proposition 3.2. 

(1) B = V{w 2 ) C is a smooth genus 5 curve, 

(2) B is a smooth genus 3 curve, 

(3) B^ is an arithmetic genus 9 curve with 4 nodal singularities, and 

(4) B^ is an arithmetic genus 5 curve with 2 nodal singularities. 

Furthermore, the projection morphism B ^ V(avg + bvf + cv^) C P^ is a double cover map, 
so B is geometrically hyperelliptic. 

Proof. From the definition of tt, one can immediately see that B is the image of V{w 2 ) H Y^, 
so B is given by an intersection of three qnadrics in P'^. Since fll.ip holds, B is smooth by 
the Jacobian criterion. Therefore, i? is a smooth genus 5 curve. 

As B/a = B and a\B has no fixed points, the Riemann-Hurwitz formula implies that B 
is a smooth genus 3 curve. Furthermore, the curve B has a 4-to-l projection map to the 
plane conic {av^ + bvf + = 0} C P^. This induces a double cover map from B to the 

same conic, so B is (geometrically) hyperelliptic. 

Using the equations given in Table lA^ one can check that each (—l)-curve Ei intersects 
B transversely in 2 distinct points. Thus, the curve B^ has four nodal singularities, and so 
has arithmetic genus 9. As B^ —)■ B^ is an etale double cover, B^ has two nodal singularities 
and the Riemann-Hurwitz formula implies that B^ has arithmetic genus 5. □ 

Since B is geometrically hyperelliptic, we may identify Jac(RQ)[2] with subsets of the 

Weierstrass points of B of even order, modulo identifying complementary subsets. Under 
this identihcation, the group operation is given by the symmetric difference, i.e., A + B = 
{AU B) \ (AnB). One can easily see that the ramification locus of the projection morphism 
B —)■ V{avl + bvf + cv 2 ) C P^ is given by U(tco)UU(tci) C B. Since this projection morphism 
factors as _ 

B —)■ B —)■ V(avQ + bv1 + cvl) C P^, 

where the first morphism is etale, the Weierstrass points of B are f(y{wo)) U f{V{wi)). 
There are four points in f{V{wo)) C B, which we denote by Pi,P 2 ,Pz and P 4 , and four 
points in f(y{wi)) C B, which we denote by Qi,Q 2 ,Q 3 , and Q 4 . We let 

Ki/Kq := the splitting held of the Weierstrass points. 
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Proposition 3.3. 

(1) The kernel of f*: Jac(5Q)[2] —)■ Jac(-BQ)[2] is isomorphic to Z/2Z, and the unique 
nontrivial element is {Pi, P 2 ,-Ps, A}- 

(2) The image of f* fits in the following non-split exact sequence of Gkq- modules: 

0 ^ IndJ«„^,(Z/2Z) X Ind;j«,^,(Z/2Z) ^ im/* ^ Z/2Z ^ 0. 

Proof. (1) Let P/ and Pf be the inverse image of P* under the map B ^ B. The vanishing 
locus V{wq) on B consists of P/, P" for i For any distinct pair of numbers 

ioGi £ {1)2, 3,4}, there exists a linear form L = L(no,ni,n 2 ) such that V{L) C contains 
the images of Pj^ and Pj^. Since the points Pi are Weierstrass points of B and the map 
P —)■ P is etale, this implies that 

4 

divsK/L) = Y,(Pi + Pi) - 2{PI„ + P': + f', + i?;). 

Thus /*{Pi, P 2 , P 3 , P 4 } is principal on P. 

Now let P be a divisor such that [D] G JacP[2] is a nontrivial element of ker/*. Then 
f~^{D) = divBigo), for some function go G k(P). On the other hand, 2D = div^( 5 fi) for 
some function gi G k(P). Thus, gi = in k(P). Since k(P) is a quadratic extension of 
k(P) generated by wq/L for L = L{vo, vi, V 2 ) a linear form, this implies that go = h - {wo/L) 
in k(P) for some h G k(P)^^. (Note that Wo/L ^ k(P).) Hence D = {Pi, P2, P3, P4} in 
JacP. _ 

(2) By (1) and the description of JacP[2] in terms of Weierstrass points, we see that the 
image of f* is isomorphic to {fLl2lTf (as a group) and is generated by 

{Pi,P3}, {Pi,P4}, {gi,g3}, {gi,g4}, and {Pi,gi}. 

Using Table IA.51 one can check that (as Gj^p-modules) we have: 

({n.-P)}, {Pi.P.}) = Ind*;;|^|(Z/2Z), and {{Qi.Qa}. {Qi.ft}) = IndJ;,^,(Z/2Z), 

thus proving the existence of the exact sequence. Since Gal(Pi/P’o) acts transitively on 
{Pi, P2, P3, P4}, no element of the form {P,, Qj} is hxed by Gkq and so the exact sequence 
does not split. □ 


3.4. The quotient group Pic Fa/ (vr* Pic S'-|-2 Pic Fa) • The following lemma about the 
structure of Pic Fa/ (tt* Pic S' -|- 2 Pic Fa) as a Galois module will be useful in later sections. 

Lemma 3.4. We have an isomorphism of Gal{Ki/Ko)-modules 


Pic Fa 


Gki 


Z/2Z X Ind2„„,(Z/2Z) x 


,7r* Pic S' -I- 2 Pic Fg 

Proof. By computing intersection numbers, we hnd that tt* Pic S' is generated by 

Gi, Pi — P2, Zi — F2 — Fio — P12, Zi — Fi — P2, —Zi -|- Pi -|- P12, and — Zi + Fi + Piq. 

Therefore, Pic Fa/ (vr* Pics' -|- 2 Pic Fa) is a 9 -dimensional F2 vector space with basis 

-S5, Fq, Pg, Pg, Pii, Pi3, Z2, Zo, and Z4. 
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In this quotient we have the relations Gi = Fi, Fi = F 2 = -Fio = F^ = Zi = Gi = F^ = 0, 

F 4 = F 5 + Fq + Fii, Fy = Fg + Fg + Fii, and F 14 = F^ + Fq + Fg + Fg + Fig. 

Using this basis and Table 1X751 we compute that (Pic Fa/ (vr*PicS' + 2PicFa))*^^i is a 5- 
dimensional F 2 -vector space with basis P 5 , Fq, Fg, Fg, and Fn. The isomorphism then follows 
after noting that in the quotient Fn is fixed by Gal(iPi/iPo)) -^5 and Fq are interchanged 
by Ga\{Kg{\/ab)/Kg) and fixed by all other elements, and similarly for Fg and Fg and 
Gal{Ko{eo)/Ko). □ 


4. A REPRESENTATIVE OE THE NONTRIVIAL BRAUER CLASS ON 

As mentioned in the introduction, BrXa = Z/2Z. Therefore, there is at most one non¬ 
trivial class in Br X^/ Bri Xa- To determine the existence of such a class, we must first 
obtain an explicit representative for the unique Brauer class in BrXa. Using Beauville’s 
criterion |Bea091 Cor. 5.7], Varilly-Alvarado and the last author showed that if a satisfies 
conditions (5), ( 6 ) and ( 8 ), then 

ker (/*: Br Xa ^ BrFa) = 0. [VAVI 1 1 Proof of Prop. 5.2] 

Let D be a divisor on such that [D] E Jac(B)[2] and such that [D] corresponds to 
a subset of the Weierstrass points containing an odd number of the points Let 

i E k(Bg) be such that div(£) = 2L). 

Proposition 4.1. Assume that a satisfies conditions (5), (6), and (8). Then the Brauer 
class 

7r*Al = 7T* GoT^^s)ix)/Qit,x) ^ - «) q ) 

defines an element o/BrFa o,nd generates the order 2 subgroup /*BrXa. 

Proof. By |CV14al Thm 7.2], the subgroup /*BrXa[2] C BrFa is generated by Ap, where 
i' E k^Bq) is such that H*(div(£')) E 2Div(i?°). Furthermore, by Theorem 12.11 applied to 
k' = k we have the following exact sequence 


0 ^ 


PicVa _ 

TT* Pic 5+2 Pic y 




> BrFa[2] -> 0. 


Thus, to prove the proposition, it remains to prove that [P\ is not in the image of j. 

For convenience, we set: 

G := {£ G k{B^)^ : z/, div(£) G 2Div(Bj)}. 

We have the following commutative diagram with exact rows |CV14al Proposition 4.5], where 
Sing(i?Q) and Sing(ilQ) denote the set of singular points of B-q and B-q, respectively, and the 
last vertical map is the diagonal embedding on the first factor, i.e., (m, n) 1 —)■ (m, m, n, n, 0 , 0 ). 


0-> JacB^p] 

r 

"v" 

0-)• JacB^p] 


k(%)x2 

/* 




A 0 


A X (Z/2Z)2-^ 0. 
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In the rest of this section, we will view elements of Jac-B^p] and Jaci?Q[2] as elements of 
and k(5Q)£:/k(5Q)''^ respectively. 

Lemma 4.2. Assume that a satisfies conditions (5), (6), and (8). Then the group imj fl 
f*{Jac B^[2]) is an index 2 GafiQ/K q)- invariant subgroup of f*{JacB^[2]). 

Proof. Since BrXa = Z,/2Z, the subgroup imjn/*(G) has index 2 in f*{G). Therefore, the 
subgroup imj fl /*(Jac i?Q[2]) has index at most 2 in /*(Jac i?Q[2]). 

Recall that Ki is splitting field of the Weierstrass points over Kq. Thus Gal(Q/i^i) fixes 
f*{JacBY) and hence imj fl /*(Jaci?Q[2]) = (imj)*^^! fl /*(Jaci?Q[2]). Since j and f* 
are Gi^p-equivariant homomorphisms, the intersection is G/^g-invariant and the elements in 
the intersection must have compatible Gkq action. Then Proposition 13.31 and Lemma 13.41 
together imply that the intersection is a submodule of Ind^°(.g^^(Z/2Z) x Ind^°^y^^(Z/2Z) 

and hence a proper subgroup of /*(Jaci?[2]) with index equal to 2. □ 

Now we resume the proof of Proposition 14.11 Assume that £ is contained in the image of 
j and hence in imj fl /*(JacR[2]). From Tables lATTl and lATSl we see that Gal(Q/iFo) acts 
transitively on the Weierstrass points of B. Therefore, the subgroup of k(RQ)£: generated by 
£ and all of its Gal(Q/iFo) conjugates contains all of /*(Jac i?Q[2]). Since imj n/*(JacR[2]) 
is Gal(Q/iPo)-invariant, this implies that 

imj n /*(JacRQ[2]) = /*(JacRQ[2]) 

which contradicts Lemma [4.21 □ 

5. Proof of Theorem 11.21 

Assume that a G Z^q satishes conditions (5), (6), and (8). The last statement of the 
theorem follows immediately from the hrst statement together with |VAVlli Thm. 1.2]. 
Thus our goal is to prove that Br Xa = Bri Xg. Since Br Xa —)■ Br Xa factors through 
(Br it suffices to prove that (Br 

Recall from Iglthat f* Br Xa is a non-trivial subgroup of Br Y^- So if (Br 
strictly larger than (Bri Xa^/f then there exists an element B G (Br 

such that Bq is the unique non-trivial element in /*BrXa. Let £ G k(i?Q) be such that 
div(£) = 2D where [D] G Jac(i?)[2] corresponds to a subset of the Weierstrass points con¬ 
taining an odd number of the points Pi. Note that we may choose £ so that it is contained 
in k(i?Xi)^- In what follows, we will view £ as a function on B under the natural inclusion 
k(R) C k(i?). We remark that, under this inclusion, £ G k(i?/fj^. 

By Proposition 14.11 f* BrXa is generated by (7r*.4.^)Q, so Bq = (vr*.4.^)Q. Let A! := A!{£) 
be as in Proposition 12.61 Then an application of Tsen’s theorem shows (7r*('a7*.4,'))Q = 0. 
Hence, /5 (^)q = (7r*.4.^)Q = Bq. Also, since (3{£) G BrGii-^, we must have that 

B-m^BnUK,. 

By Theorem 12.21 Bri Uk^/BiKi is contained in /9(k(Ri^Jg), meaning that B—I3{£) = f3{£') 

for some £' G k(Ri^J^. Since both £' and £ are in k(Ri^J^, we then have B = fi(££'^ =: fiifis) 
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for some is G k{BKi)£. Furthermore, since B is Gal(iFi/iFo)-invariant and is equal to (3{i) 
modulo Bri Uki, Theorem 12.21 implies that 

(a) the class of Is in k{BKi)/j(PicYa^Ki)Kik{BKi)^‘^ must be Gal(iFi/iFo)-invariant, 
and 

(b) V-'ej((PicF,/(7r*Pic5 + 2PicFa))''"0^i"k(5^i)"'- 

An inspection of Table lA.Sl reveals that PicFa,Xi = so j(PicF,ii'i) K^k^Bxi)^^- 

In addition, Lemma [3.41 shows that every element of j ((Pic Fa/( tt* Pic S + 2 Pic Fa))*^^!) is 
Gal(A'o( 6 'o, \/a 6 )/A'o)-invariant. Thus, conditions (a) and ( 6 ) imply that 


ie 


k{BK,r 

K^k{BK,r^ 


Ga.l(Koieo,\YE)/Ko) 


Given our assumption on i, this results in a contradiction, as demonstrated by Table lAAl □ 


Appendix A. Fields, defining equations, and Galois actions 
The splitting held K of the genus 1 curves Ci,Ci, Di, Fi, Gi is generated by 


i, \/2, \/5, y/a, y/c, r]Q := \J(? — 100a6 ,70 := \J—(Y — 5bc — lOac — 25ab, (A.l) 

Fa6, \/-2 + 2 V 2 , \/-c-10V^, (A.2) 

9q := \/FFFF, ^0 y/ a, b cjb, := y/a + 6/4 + c/10, (-^-3) 

et := yj2Qa? - lOafe - 26c + (10a + 2c)0o, 0+ := y/ -ha - 5/26 - 5/20o, (A.4) 

:= y/20a + 106 + 3c + 20^o^O) •“ \/4a + 26 + 2!he + 4^q^q. (-^-5) 


Dehne 


vt 

Vi 


c—T)o+10\/afe 

—c—lOyf^ 
c+rjo + 10\/ab 

10^/ay/—c—10\/^ 


it 

li 


{6f ) ^ (lOF — hob — bc + 2a7o + (c + ha) 9 o) 
( 9 t)~^ (lOF — hab — be — 2070 + (c + 5a)6'o). 


The following subhelds of K are of particular interest: 


C K,-.= 


\/ 2 , y/h, \l-2, + 2 \/ 2 ^ C iPi := iPg ^^g, \/a 6 , 7 ^^ j C K. (A.7) 
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The field extensions i^/Q and Ki/Q are Galois, as the following relations show: 

2 i 


- 2 - 2\/2 = 


V-2 + 2x/2’ 


—c + loVab = 


Vo 


\/—c — lOy/ah 


6 ^ := V20a2 - lOafe - 2bc + (10a + 2c)0o = 


4a7o 
Vo 


62 := - 5/26 + 5/20o = 


b\fah 


et ’ 


er := V20a + 106 + 3c - 20 ^ 0^0 = ^ 2 " := ^4^ + 26 + 2/5c - 4 ^ 0 ^ = 

SI 

( 7+)2 = lOa^ - 5ab - bc + 2a'yo, ( 7 +)^ = ^ ^ , 

5Ua 


^0 

5^ 


+ ’ 


(7]^ ) = lOa"^ — 5ab — be — 2a'jo, {rj^ ) = 


Vo 


50a ’ 

it li = (5a + 0 ) 60 , = ^V^- 

Tables lA.ll and IA.4I show that these fields have the properties claimed in ^ 

Remark A.l. Tables IATI and [A.4I list defining equations of a subvariety of the Y^- The 
image of this subvariety gives the corresponding object in Xa- 


B 

Defining equations 

B 

Defining equations 

Pi 

lOavo - (c - po )^1 , V 2 -r]^Vi 

Qi 

(c + 5a)L>o + (c - 70 )^ 1 , (c + 5 a)n 2 - 7i^D 

P 2 

lOavo - (c - 7 o)d, + 

Q 2 

(c + 5a)L>o + (c - 70 )^ 1 , (c + 5 a)n 2 + 7 i'^^i 

Pz 

lOauo - (c + 7 o)d, V 2 - viVi 

Q 3 

(c + 5a)no + (c + 7 o)i^i, (c + 5 a)n 2 - 7 r'ai 

Pa 

lOauo - (c + 7 o)^^i, V 2 + rii vi 

Qa 

(c + 5a)no + (c + 7 o)ni, (c + 5 a)n 2 + 7 r'ai 


Table A.l. Defining equations for the Weierstrass points on B 


Us (Pi) 


1 - y/2 - i\/-2 + 2y/2 ■. 1 


(i - 1 + i\/2)\/-2 + 2^/2 : 2^/2 


^s{E2) 


-1 + ^/2 + i^/-2 + 2^/2 : 1 

1 

{l-i- i\/2)\/-2 + 2^/2 : 2^/2 


^siEs) 


1 - \/2 + V-2 + 2\/2 : 1 

1 

-(i + 1 + i\/2) V-2 + 2\/2 : 2/ 

2 ] 

usiEi) 


-1 + ^/2 - i\/-2 + 2^/2 : 1 


(i + 1 + i^/2)\/-2 + 2^/2 : 2^/2 



Table A.2. Defining equation for the exceptional curves on S 


27 i*Ei 

El + 2Gi — F2 + F3 — Fio — Fi 2 

2'k*E2 

—El — F2 + F3 + Eiq + Fi2 

2ti*E3 

Fi + 2Gi — E2 — E3 — Eiq + Fi 2 

2n*Ei 

Fi + 2Gi — F2 — F3 + Fio — Fi2 


Table A.3. Pullbacks of exceptional curves in terms of Fj, Gi 


20 




































































V'a 

Aa 

Defining equations 


Aa 

Defining equations 

Fl 

C'l 

Wo - VEwi, 

uo + 2t;i 

F, 

Q 

^/cwo - \/^W 2 , 

lOano — (c + — 100a&)ni 



Wo + V^Wi, 

no + ni 


Q 

y/cwo + A/5tn2, 

lOano — (c — a/c^ — 100a6)ni 

Gi 

Di 

Wo - y/5wi, 

t'o + D 

Gi 

Di 

^/cwo - A/5tn2, 

lOano — (c — \/c^ — 100a&)ni 


Di 

Wo + V^Wi, 

no + 2ni 


Di 

^/cwo + A/5tn2, 

lOano — (c + a/c^ — 100a&)ni 

F 2 

G 2 

\/— 2 + 2 \/ 2 wo — V^wi, 

no + \f2v\_ + a/ 5(1 - A/2)n2 

F 5 

C's 

i\/ 2 \fabwo — W 2 , 

^/avo + Vbvi + a/— c — 10 V^V 2 


G 2 

a/—2 + 2 \f 2 wo + \/5tci, 

no + A/2ni - a/ 5(1 - A/2)n2 



i\/ 2 \f^wo + tn2, 

\/avo + Vbvi — a/— c — 10 '/^V 2 

G 2 

D 2 

a/—2 + 2 \plwo — a/Swi, 

no + \f2vx - a/5(1 - \f2)v2 

G 5 


i\/ 2 \fabwo — W 2 , 

i/ano + Vbvi — a/— c — 10 y/^V 2 


D 2 

a/—2 + 2\f2wo + a/Swi, 

no + A/2ni + a/5(1 - ^)v2 



i\/2\fabwo + tn2, 

x/avo + Vbvi + a/— c — 10A/^n2 

Fs 

C '3 

a/—2 — 2\p2wo — a/Swi, 

no - A/2ni + a/5(1 + ^)v2 

Fo 

Go 

\/2\f^wo + tn2, 

i/ano — Vbvi + \/— c + 10V^V2 


C's 

a/—2 — 2\f2wo + a/Swi, 

no - \f2vx - a/5(1 + \f2)v2 


Go 

\/2\fabwo — tn2, 

\/avo — Vbvi — a/— c + 10'/^V2 

Gs 


a/—2 — 2\f2wo — a/Swi, 

no - \f2vx - a/5(1 + \f2)v2 

Gq 

Do 

\/2\f^Wo + tn2, 

i/ano — y/bvi — a/— c + 10A/^n2 


Ds 

a/—2 — 2^wo + a/Swi, 

no - A/2ni + a/5(1 + ^)v2 


Do 

\/2\fabwo — W 2 , 

^/avo — Vbvi + a/— c + 10\/^V2 


Y. 

Aa 

Defining equations 

Y^ 

Aa 

Defining equations 

F, 

C't 

^/cWl - W2, ( 5 a + c)no + (c + 7o)ni 

Fio 


Wo - V 5 n 2 , no 


C7 

^/cWl + W2, ( 5 a + c)no + (c - 7o)ni 

Gio 


Wo - Vhvo, vx 

G7 

Dj 

x/cwi - W2, ( 5 a + c)no + (c - 7o)ni 

Fix 


W2 - \/cn2, ^/avo + iy/bvx 


D7 

■v/ctni + W2, ( 5 a + c)no + (c + 7o)ni 

Gxi 


W2 - \/cn2, i/ano - i\fbvx 

Fs 

Gs 

02 Wi — W2i Vo + (2a + 5 + 9 o)/(b + 9 o)vi — 9 f /(2a)v2 

Fx 2 


wx - V2, no + (1 - i)vx 


Gs 

02 wi + W2, no + (2a + 5 + 6*0 )/{b + 6*o)ni + 6*+/(2a)n2 

Gx 2 


WX-V2, no + (l + i)ni 

Gs 

Ds 

6*^tni - W2, no + (2a + 5 + 9 o)/{b + 9 o)vi + 9 f /{ 2 a)v 2 

Fxs 


^2 Wo - Wx, (^0 + 2 ^o)no + ( 2 ^o + 2 ^o)ni - W2 


Ds 

02 wi + W2, Vo + { 2 a + b + 9 o)/{b + 0 o)vi - 0 t/ (2a)n2 

Gxs 


Wo -^twi, (^0 + 2^o)no + (2^0 + 2^o)ni + W2 

Fo 

Go 

02 wi - W2, Vo + { 2 a + b- 9 o)/{b - 0 o)vi - 0 i /{2a)v2 

Fx, 


^2 Wo - ^xWx, i^o - 2 ^o)no + ( 2 ^o - 2 ^o)ni - W2 


Go 

02 wi + tn2, no + (2a + 5 - 0 o)/{b - 0 o)vi + 6'f/(2a)n2 

Gxi 


^2 Wo - ^xWi, (^0 - 2^o)no + (2^0 - 2^o)ni + W2 

Go 

Do 

6'2'tni - tn2, no + (2a + 5 - 0 o)/{b - 0 o)vi + 6'f/(2a)n2 

■ 




Do 

02 wi + tn2, no + (2a + 6 - 6 'o )/(5 - 6'o)ni - 0 ^/{2a)v2 

■ 




Table A.4. Defining equations of a curve representing a divisor class. 
























































Action on 
splitting held 

Action on 
PicXa 

Action on 
Pic Fa 

Action on 

Weierstrass 

points 

Action on 
splitting held 

Action on 
PicXa 

Action on 
Pic Fa 

Action on 

Weierstrass 

points 

\/ 5 ^ -Vs 

Cl ^ Di 

Fi^Ci 


i ^ —i 

Cg HA Dg 

Fs^Gg 



Di 0 Cl 




Cg HA Dg 

Fg HA Gg 



C2 eA C2 





Fii ^ Gil 



C3 HA C3 





Fi 2 ha Gi2 



C4 HA Di 

Fi HA Gi 


V-2 + 2V2 

C2 HA D2 

F2 HA G2 




Fio I—t Gio 


^ -V-2 + 2\/2 

Cg HA Dg 

F 3 ^G 3 


\/2^ -V2 

C2 "H- C3 

F2 ^ Fg 


i/c ha — \/c 

Ci HA Di 

Fi HA G4 


V-2 + 2V2 

C5 HA D3 

Fg HA Cg 



C7 HA Dj 

F7 ^ Gj 


^ \/-2-2V2 

Cq ha Dq 

Fg HA Cg 




Fii HA Gii 


7o “7o 

C-j HA D-j 

F 7 HA G 7 

Ql A)- Qg 

Vo -T]o 

Ci HA Di 

Fi HA G4 

Pi 77 Pg 


Cg HA Dg 

Fg HA Gg 

Q2 77 Qi 


Cg HA Dg 

Fg HA Gg 

P2 77 Pi 



Fii HA Gi4 




Fii Gii 


•—t i-^ah 

C5 HA Cg 

Fg HA Gg 

P3 77 Pi 

■\f^ 1—^ 

Cg HA Dg 

Fg HA Gg 

Pi 77 P2 

V—c — 10 \/^ 

Cg HA Dg 

Fg HA Gg 



Cg HA Dg 

Fg ^ Gg 

Pg 77 Pi 

V—c + 10 \/^ 

Cg HA Dg 

Fg^Gg 


\J —c — lOVoS 

Cg HA Dg 

Fg HA Gg 




Fii HA Gii 


HA —V—c — lOVoS 

Cg HA Dg 

Fo^Gg 


0 

1 

0 


Fi3 ^ Gii 


Qg HA —Qg 

Cg 77 Cg 

Fs 77 Fg 

Qg 77 Qi 

V 


Fii HA Gi3 


n ^ «r 




i'o ^ -i'o 


Fi3 Fi4 


Bt ^ -Bt 

Cg HA Dg 

Fg HA Gg 

Ql 77 Q2 

it ^ c 





Cg HA Dg 

Fo^Gg 

Qs 77 Qi 



i^l 3 ^ Gi3 


Bt ^ -Bt 

Cg HA Dg 

Fs^Gg 




Fii HA Gi4 



Cg HA Dg 

Fg ^ Gg 


it ^ -it 


Fi3 ha Gi3 








Fi4 HA Gi4 







Table A.5. The Galois action on the fibers of the genus 1 fibrations and the Weierstrass points. 

The action on the splitting held is described by the action on the generators listed in lA.ll IA.21 IA.31 IA.41 IA.5I 
If a generator of K is not listed, then we assume that it is hxed. We use the same convention for the curve 
classes and the Weierstrass points. 
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